A generic algorithm to find all common intervals of two permutations
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Abstract Lemma 1.1. Let # be a permutation of seR =

{1,2,3,...,m}, z, « and 3 be elements ik anda < z <
Let X be the set of1,2,,...,m}, [z,y] denote the set 33,

of [,z + 1,...,y], wherel < z,y < m. Given two
permutationso4 and op of a setX, A 2-tuple of in-
tervals ([z1,41], [%2,y2]) is called common intervals if
oallz1,9]) = oa([z2,42]). In this paper, we propose iy |f x(z) < x(a) < «(8), thenf(z, z) > 0 for everyz,
a sufficient and necessary condition for a 2-tuple of inter- B<z<m
vals to be common intervals. Based on these conditions, we o
present a generic algorithm that finds all common intervals (i) If 7(z) > =(8) > 7(«), thenf(z,z) > 0 for everyz,
of these two permutations. 1<2<q;

() fn(z) > 7(a) > m(B), thenf(z, z) > 0 for everyz,
B<z<m,

(iv) If m(x) < 7(B) < m(«), thenf(z,z) > 0 for everyz,
. 1<z<a.
1 Introduction
Lemma 1.2. If [a, b] is not a common interval, then either

The problem of finding common intervals has been (i) or (ii) holds:
drawing much attention in recent years as a useful tool in (i) There exists an element € [a, b] such thatf(a, 2) >
the study of comparative genomics. The notion of common 0 for everyz, to < = < m.
intervals can be used to detect possible evolutional associ- -
ations between genes ([2]) and functional connection be- (ii) There exists an elemeti € [a, b] such thatf(z,b) >
tween proteins ([4], [5]). 0 foreveryz, 1 < z < ty.

Uno and Yagiura [1] presented an optim@(n + K)
time algorithm for finding all common intervals whefé 2 Preliminary Algorithm
(< (%)) is the number of outputs. This algorithm is further
extended in [3] to find all common intervals bfpermuta-
tions in optimalO(nk + K) time.

However, the success of the algorithm in [1] relies on one
of two conditions (i.e. Lemma 4.1 and Lemma 4.2 in[1]) on
the permutations. In this paper, we present a sufficient and
necessary condition for a 2-tuple of intervals to be common 1 2 ... x ... m ) (2.1)

The input of the algorithm is a permutation oh =
{1,2,3,...,m} which can be represented as a one dimen-
sional arrayr|[m)|:

intervals. Based on these conditions, an algorithm to find (1) w(2) ... w(x) ... w(m)
all common intervals of the permutations is proposed. The
algorithm requires no condition, thus can be applied forany Léta;; = f(i,j), 1 <i < m—1and2 < j < m.

two permutations. a;; = Oifandonlyif [z, j] isa common interval. Lemma 1.1
For a permutationr and an intervalz,y|, following enables us to identify intervals that are not common inter-
functions are defined:(z,y) = min;e(, ,) 7 (i), u(z,y) = vals v_vi'Fhogt calculation; Lemma 1.2 guarantees that those
maxicr, , 7(0), f(z,y) = u(z,y) — l(z,y) — (y — ). remaining intervals are common intervals.
Two basic lemmas are given below: Considering the matrix formed by;;, the main idea of

the algorithm is to determine the lower bound in each row



and upper bound in each column of the entries that are not3 Implementation of the Preliminary Algo-

common intervals
For each element in (2.1), we defind/ P(z) = {ala <
z andnw(a) > w(x)}, US(z) = {blb > = andw(b) >
7(x)}, LP(z) = {c|lc < z andn(c) < w(z)}, LS(z) =
{d > x andn(d) < w(x)}. Note: (1) Each of these sets
could be empty and will be denoted as (2) UP(x) U
LP(z) =1,z —1}andUS(z) U LS(z) = [x + 1,m].
Following steps are followed to find the horizontal
boundaryy,:

Step 1.Find: € LP(x) thatw (i) = max{r(LP(z))}.

Step 2. Find y, the minimum value ofL.S(z) such that
(i) > m(w).
If either LP(z) or LS(z) is empty; or if neither
LP(x) nor LS(z) is empty but no such exists,
we definey = oc.

Step 3.Findj € UP(z) thatn(j) = min{n(UP(z))}.

Step 4.Find A, the minimum value ofU'S(z) such that
7w(5) < w(A).
If either UP(z) or US(z) is empty; or if neither
UP(x) nor US(x) is empty but no such exists,
we definel = occ.

Step 5. Takey,, = min{u, A}.

Similar steps can be followed to find the vertical bound-

ary z,:
Step 1.Findh € LS(z) thatw(h) = maz{r(LS(z))}.

Step 2.Find «, the maximum value of.P(x) such that
(o) < w(h).
If either LP(z) or LS(z) is empty; or if neither
LP(x) nor LS(z) is empty but no sucl exists,
we definec = 0.

Step 3.Findk € US(z) thatw (k) = min{r(US(z))}.

Step 4.Find 3, the maximum value ot/ P(z) such that
w(B) > w(k).
If either UP(z) or US(z) is empty; or if neither
UP(x) nor US(x) is empty but no sucl® exists,
we defines = 0.

Step 5. Takez, = max{«, 5}.

Finally, by the procedure below, all the common inter-

vals are determined:

for(i =2;i<m—1;i++)

if(z; <i—1)
for(j=2z+1,j<i—1;7+4)
if(y; >7)

output common intervd}j, i]

rithm

The major steps of the preliminary algorithm described
in the previous section include computation of following
values foreachr,2 < 2z < m — 1:

() max{w(LP(x))}, max{w(LS(z))},
min{7(UP(x))} andmin{7(US(z))};

(i) Ma), B(x), a(z) andu(z).

In this section, iterative methods for calculating values
in (i) and (ii) are presented respectively.

The implementation of the algorithm is devised in such
a way that one result is determined using the previous ones,
thus all the common intervals can be found in nearly linear
time.
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